Charatonik, J.J., Monotone mappings of universal dendrites, Topology and its Applications 38 (1991) 163-187. For each me {3,4, ... , w} mappings of the standard universal dendrite Dm of order m onto itself are studied which belong to the following classes: homeomorphisms, near homeomorphisms and monotone mappings. In particular, h is shown that each such dendrite D.., is homogeneous with respect to monotone mappings. The obtained results extend ones due to H. Kato.
Introduction
Monotone mappings of universal dendrites are considered in the paper. After Preliminaries, some auxiliary properties of local dendrites are shown in the second section. Next, a construction is recalled of standard universal dendrites of order mE {3, 4, ... , w} and their basic properties are shown in the third section, which are needed later to prove some results in other sections. The fourth section deals with homeomorphisms. In an earlier paper [10] Kato has shown that for each two points x and y of the standard universal dendrite D 3 of order 3 there exists a homeomorphism h of D 3 onto itself satisfying h(x) = y if and only if these points are of the same Menger-Urysohn order. This result is extended here to all universal dendrites of order mE {3, 4, ... , w }. The fifth section is devoted to near homeomorphisms. Again a starting point is a recent result of Kato, taken from [10] . The result says that each monotone mapping of D 3 onto itself is a near homeomomhism. We strengthen it in the following way. Among all universal dendrites D,t! ·Jf .)t(!:-homeomorphisms. The sixth section deals with monotone equivalence. Dendrites are studied which are monotone equivalent to the standard universal dendrites of order me {3, 4, ...• w}. The last, seventh section of the paper concerns homogeneity of universal dendrites with respect to monotone mappings. This property, known for D 3 from a resultof (lO] , is shown to be possessed by all universal dendrites Dm for mE {3, .... w}.
H. Cook asked in the University of Houston Mathematics Problem Book { Prol:tlem 150) whether the following is true. If a continuum X is homogeneous with respect to a class .lf. of mappings of X onto itself, then X is ~It -equivalent to a homogeneous space. Kato has given in [ 1 0] a negative answer to this question. His counterexample is D 3 for the following four classes v« of mappings~ monotone, cell-like, near homeomorphisms and confluent. The present paper forms a supplement to that result. Namely it follows that each universal dendrite Dm of order mE {3, 4, ...• <d} serves as a counterexample to the Cook question for the following three classes .Al of mappings: monotone, cell-like and confluent.
I. Preliminaries
All spaces considered in this paper are assumed to be metric and all mappings are continuous. By a continuum we mean a compact connected space. A closed (open) connected domain is understood as a connected subspace of a space X which is equal to the closure (interior) of its interior {closure) in X. We shall use the notion of order of a point in the sense of Menger-Urysohn (see e.g. [12, Section 51, I, p. 274]). A dendrite means a locally connected continuum containing no simple closed curve. Note that each subcontinuum of a dendrite is again a dendrite. The following characteristic property of dendrites will often be used in the paper without any further quotation (see [23, (1.1), (iv), p. 88]; cf. [12, Section 51, VI, Theorem 6, p. 302]).
Theorem (Whyburn). A continuum X is a dendrite if and only if the the order and the number of components of X\{p} for every point p EX are equal whenever either of these is finite.
A continuum is said to be a local dendrite if every of its points has a neighborhood which is a dendrite. It is known that a continuum is a local dendrite if and only if it is locally connected and it contains only a finite number of simple closed curves. Thus each dendrite is a local dendrite (cf. [12, Section 51, VII, Theorem 4, p. 303]).
Points of order 1 in a continuum X are called end points of X~ the set of all end points of X is denoted by E (X). Points of order 2 are called ordinary points of X; the set of all such points is de11oted by O(X). It is known that O(X) is a dense 1 (y) has a trivial shape, i.e., Sh(f- It can easily be observed that for compact spaces each cell·Hke mapping is monotone, each monotone mapping is confluent, and that f is a near homeomorphism if and only if there exists a sequence of homeomorphisms which converges to f uniformly.
It is known that the image of a dendrite under a confluent (thus under a monotone) mapping is again a dendrite (compare [ 
Local dendrites
This section of the paper is auxiliary. For further purposes we need some structural properties of special dendrites. In particular some relation~ have to be studied between density of the set of end points and of ramification points of a dendrite. However, we have ob::.erved that the needed implications or equivalences hold not only for dendrites: they are true for more general classes of continua, e.g. for locally connected ones, or for local dendrites. Thus we formuulate and prove them in a general form: nevertheless, we shaH apply these results to dendrites only.
The following lemma is immediate. The next proposition is perhaps known; however, the author was not able to find its proof anywhere.
Proof. Let a local dendrite X be given with the set R(X) dense in X. Suppose on the contrary that E(X) is not dense. Then there is a point p E X\cl E(X). Since every local dendrite is regular in the sense of the theory of order [12, 
(I)
the set E(X) of end points of X is dense;
the set R(X) of ramification points of X is dense;
Recall that a subset A of a space X is said to be nowhere dense provided its closure contains no nonempty open subset. Using this concept we can formulate a stronger version of the equivalence between conditions (1) and (2) 
Now we construct, by induction, a sequence of dendrites X 1 of order m each, such that X 1 c X 2 c X"c ···;the needed dendrite D'" will be defined as the closure of their union. Define X 1 as the unit straight line segment. Let x be the mid point of X 1 and define X 2 as the union of X 1 and T';'-2 such that X 1 ("'\ T';'-2 ={x}, and that xis the vertex of T';'-2 • So X 2 is the union of m straight line segments disjoint out of their end points (if m = w, their lengths tend to zero). Assume now that a dendrite Xi has been defined as the union of finitely or countably many (depending on m < w or m = w) straight line segments disjoint out of their end points, i.e., such that the end points of these segments are in E(X 1 )u R(X 1 ), while each interior point of each of them is an ordinary point of X 1 • Given such a straight line segment, let x denote its mid point. To each point x so defined we associate in a one-to-one way a set T?' -2 • We take each mid point x as the vertex of the associated set T'; -:! in such a manner that Xi has only the point x in common with the added copy of T';'-2 and that distinct copies of T?'-2 are disjoint. All this can clearly be done so carefully that the resulting set X 1 +., which is by the definition equal to the union of X; and of the attached copies of T';-2 , is a dendrite. Moreover, the whole construction can be done in the plane in such a way that the limit continuum Dm defined by (4) Dm=ci(U{X 1 : ie{l,2,3, ... }})
is again a dendrite. We call the just constructed space Dm the standard universal dendrite of order m. In addition to the above construction we need, for further purposes, another description of Dm. We define an increasing sequence of some different than X 1 dendrites Y';, whose union is again a dense subset of Dm. We proceed by induction. (8) and (9) (with m = w) are homeomorphic. Since that proof can be applied without any essential change to each integer m ~ 3, we conclude the foJiowing result (cf. [6, (4) - (6) (8) and (9) are homeomorphic, and so the standard universal dendrite Dm of order m is characterized by conditions (8) and ( If we assume that condition (9) alone is satisfied for a dendrite X, then X has to contain D 3 , and consequently any dendrite having all its ramification points of order 3 only is embeddable into X. This can be seen by the next result.
Proposition. If for a dendrite X the set R(X) of ramification points is a dense subset of X, then there exists a homeomorphisM h
Proof. If R(X) is dense, then condition (3) holds by Theorem 2.4. We shall define the needed homeomorphism h consecutively. First recall we had previously defined an increasing sequence of continua X;, where i E {1, 2, ... } such that (4) holds with m == 3. On each of them we define now a homeomorphism h; which embeds X; into X. Then h will be defined as the limit mapping in this process.
To begin with, choose two distinct end points p and q of X and take a homeomorphism h 1 : X 1 ~ pq having the property h.(x." R(D3)) = pq" R(X). Note that the differences D 3 \X 1 and X\pq consist of countably many components each, w11ose closures meet X 1 and pq respectively at ramification points. Assume now that for each ie {1, 2, .
•. , n} we have defined homeomorphisms h;:X; ~ h(X,)c X such that hi j X 1 _ 1 = h;-~o h;(X,'"' R(D 3 )) = h,(Xi) n R(X) and that X\h;(X,) consists of countably many components whose closures intersect hi(X,) at singletons {x} such that xe R(X).
To define h,.+ 1 recall that the closures of components of X,.+ 1 \X,. are ~traight line segments uv such that
its closure and choose a point v' e C n E(X). Then the arc u'v' lies in cl C. Note that the sets uv" R(D~) and u•v• n R(X) both are countable and dense in the arcs uv and u'v' respectively. Hence there is a homeomorphism guv: 
The next proposition follows from the characterization of Dm gtven in Theorem 3.1. For further purposes we need a supplement of the above resla~t. We shall present it in the beginning of the next section (see Proposition 4.1 ).
Homeomorphisms
Main results of the present section concern homeomorphisms of standard universal dendrites onto themselves, i.e., autohomeomorphisms. But to show these results we need an auxiliary proposition which deals with a homeomorphism from a subdendrite onto the whole dendrite. This proposition is a more precise form of Proposition 3.5. Before we formulate it, recall that we have denoted by a and b the end points of the unit straight line segment X 1 (see the beginning of the construction of Dm) and that a, b ~ E(D,.,) ( 
Proof. We shall define an increasing sequence of subcontinua To begin with put K 1 = pq and define a homeomorphism h 1 :
. This is possible since the sets K, n R(X) and X, n R(X) are both countable and dense in K 1 and X 1 respectively (compare (9)).
Observe that h 1 (p) =a and h,(q) =b. Note further that the differences X(p, q)\Kt and X\X 1 consist of countably many components, the closure of every of which is a dendrite having exactly one point in K 1 or in X 1 , respectively. Assume now that for a positive integer n we have defined a subdendrite K, of X(p, q) and a homeomorphism h,.: K,. ~ h,.(K.J c X such that the differences 
The definition of both sequences, i.e., of the dendrites Kn and of the homeomorphisms h" is finished. It is straightforward to see that ( 11) holds and that the mapping h' from the union U {K": n e {1, 2, ... }} into X defined by h'jK"=hn for each n has an extension h : X(p,q)-+X which is the needed homeomorphism. 0 4.2. Corollary. Let [)"' be the standard universal dendrite of order me {3, 4, . . . , CtJ}. Let X= D-' be the standard universal dendrite of order 3. In [tO, Lemma 2.1. p. 221 ], it has been proved that for each three pairs of distinct end points of X there exists a homeomorphism of X onto itself which maps one element of each pair to the other one. The result can be generalized to all standard universal dendrites Dm, i.e., it holds for each me {3, 4, ... , w}. 
For each two pairs of distinct points p, p' and q, q' of Dm there exists a homeomorphism
there exin~ , . . homeomorphism h: X_,. X satisfving (14) ll(p(i)) = q(i) for each i E {1, 2, 3}.
Proof. Define points p 0 and q 0 of X by The number of pairs considered in Proposition 4.3 cannot be increased from three to four for any standard universal dendrite. This can be stated in a precise way as follows. 
h(po) = qo.
Still for ; E { 1, 2, 3} let yi and Z; denote the closure of the component of X\ {Po} and of X\{q 0 } respectively, to which the point p(i), respectively q(i), belongs. Note that conditions (14) and (19) imply that h( Y;) c Z\ whence we have (20) IJ( Y; n E(X)) c Z; n E(X} fori e {1, 2, 3}.
Thus if we choose p(4) E Y
1 n E(X)\{p(l)} and q(4) E Z 2 n E(X)\{q(2)}, we have h(p(4))¢:q(4) by (20) ), contrary to (17) (21) x, y E E(X);
X, y E R(X).
Proof. Only one implication needs a proof. If (21) holds, then the conclusion follows from Proposition 4.3 above. If (22) is satisfied, choose two pairs of end points p, p' and q, q' of X such that x E pp' andy E r:q'. Note that X=X(p,x)uX(x, p') with X(p,x)nX(x, p')={x} and X= X(q, y) u X(y, q') with X(q, y) n X(y, q') = {y}. [ 17] . Similarly, if X is a dosed 2-cell or a 2-sphere, then a monotone surjection from X onto itself can be approximated with homeomorphisms. More generally, there are many important results concerning such approximations for 2-manifolds. The reader is referred to the McAt:1ey survey article [ 16, p. 12-14] , to which a large list of references is enclosed. However, the situation is not so nice if we consider one-dimensional continua, even locally connected only. In general, we are interested in the following problem. Letfbe a monotone m?.pping of a one-dimensional locally connected continuum X onto itself, and let e > 0 be given. Under what conditions does there exist a homeomorphism h of X onto X such that s:up{d(f(x), h(x)): x EX}< c, where d is the metric on X? Nqtics that the considered mappings are surjective. (24) f is a monotone mapping~ (25) .f is a cell-like mapping; ( 26) .f is a near homeomorphism.
By Corollary 4.2 there exist two homeomorphisms
But what essentially is proved in that proposition can be formulated in a much more general setting, as follows.
Proposition ( Kato ).
Let a tree-like continuum X be given. and let f: X .-. X be a surjection. Then (24) and (25) are equivalent. 1/. furthermore, X is a dendrite, then each of ( 24) and ( 25) is implied by ( 26). And if X = D 3 is the standard universal dendrite of order 3, then (24) implies (26), and so all three ca;;ditions are equivalent.
In fact, the equivalence between (24) and (25) for tree-like continua is a straightforward consequence ofthe definitions. The implication from (26) to (24) follows from Corollary (3.11} of [23, p. 174] , saying that the limit of a uniformly convergent sequence of monotone mappings from a continuum onto a locally connected continuum is necessarily monotone (cf. also [24, Theorem, p. 466] ). Note that this implication does not hold if the continuum X in matter is not locally connected even if it is a smooth fan (see [4, p. 7] for the definition). Namely, an example is shown in [24, p. 465 ] of a near homeomorphism f of the harmonic fan (i.e., the cone over the set {0} u { 1/ n: n E { 1, 2, 3, ... } } ) onto itself such that/ is not monotone.
And finally a proof of the implication from (24) to (26) is given in the proof of Proposition 2.3 of [10, p. 222-223] .
We shall prove now that this last implication, namely from (24) to (26) neither can be shown for all dendrites, nor can be extended to other standard universal dendrites, and thus the assumption that the considered continuum X is just D 3 is indispensable in this implication. This will be seen from the next two results. The former is an example, due to K. Omiljanowski, which is related to the so-called Gehman dendrite. By the Gehman dendrite G we mean a dendrite having the Cantor ternary set in [0, 1] as the set E (G) of it § end points, such that all ramification points of G are of order 3 and are situated in G in such a way that £(G)= cl R( G)\R( G) (see [7, Fig. 1 on p . 203] for a picture).
Example (Omiljanowski).
There is a monotone mapping of the Gehman dendrite onto itself which is not a near homeomorphism.
Proof. Let e0 and e1 denote two end points of G being of the maximal distance apart, i.e., these end points of G correspond to points 0 and 1 of the Cantor ternary set when it is embedded into [0, 1] in the natural way. Let r be a ramification point of G lying in the left half of G and having the maximal distance from e 0 (thus r = a(O) according to notation used in Fig. 1 of [20, p. 203] ). Let K be the component of G\{r} containing the end point e 1 , and tet 0 be the closure of the union of the two other components of G\{r}. Net~ that Dis a copy of G diminished thrice with respect to the size of G. Thus there is a homothety h : D ~ G with the center e 0 and the ratio 3, which maps homeomorphically D onto G. Therefore, if g: G ~ D is a monotone retraction of G onto D which shrinks K to the point r and which is the identity on D, then the composition hg: G ~ G is the needed mapping. 0
The latter of the two mentioned results is the following theorem. Proof. Let X= Dm be the standard universal dendrite of order mE {4, 5, ... , w}, and let p and q be two distinct ramification points of X . Thus X\{p} and X\{q} have m components each. Let P denote the closure of such a component of X\ { p} which does not contain q, and let Q denote the closure of the union of m -3 components of X\{q} no one of which contains the point p. Note that pEP and At from Y onto X. A class Jet of mappings is said to be neat if all homeomorphisms are in At and the composition CJf any two mappings in vl1 is also in At. Therefore, if a neat class .it of mappings is given, then a family of continua is decomposed into disjoint equivalence classes in the sense that two continua belong to the same class provided that they are equivalent with respect to At. A continuum X is said to be isolated with respect to .Jl provided the above mentioned class to which X belongs consists of X only. In other words X is isolated with respect to .Jl if and only if for each continuum Y the existence of two mappings in .Jl, one from X onto Y and the other from Y onto X implies that X and Y are homeomorphic.
Theorem. For each
In what follows we take as .M the class of monotone mappings between dendrites. Note that this class is a neat one. For shortness we say that two dendrites are monotone equivalent if they are equivalent with respect to the class of monotone mappings. Since the nondegenerate image of an arc under a monotone mapping is again an arc (see [23, (1.1), p. 165]) , we see that an arc is isolated v.ith respect to monotone mappings. Similarly the nondegenerate monotone image of an m-od, where me {3, 4, ... , w} is either an arc or a k-od with k E; m (recall that by the definition the w-od is homeomorphic to the union of countably many straight line segments emanating from one point. whose lengths tend to zero). Therefore it follows that for each me {3, 4, . .. , w} the m-od is isolated with respect to monotone mappings.
The following problem seems to be natural.
6.1. Problem. Find all dendrites which are isolated with respect to monotone mappmgs.
The result below is related to the subject of this section. 
., onto h(X).
Then h-'f: Dw-+ X is the needed monotone mapping. 0
The rest of this section concerns the problem of finding all dendrites which are monotone equivalent to any standard universal dendrite D'" for mE {3, 4, ... , w }.
We start with a very particular but important result. However, the family of all dendrites which are monotone equivalent to a dendrite Dm contains also other members. This can be seen from the next result. Proof. We construct X as the closure of the union of an increasing sequence of dendrites in the Euclidean plane. Let S 1 be the unit straight line segment in the first axis of the Cartesian rectangular coordinate system. Consider the Cantor ternary set C in S 1 • Call S, the segment of the first step, and define S 2 as the union of S, and of countably many vertical segments of the second step, lying in the upper half plane, emanating from the end points of the contiguous intervals to C, whose lengths are equal to lengths of the contiguous intervals, correspondingly. For each straight line segment of the second step we perform the same construction: we consider a copy of the Cantor set C located in the segment, and at each end point of the contiguous interval (i.e., at each end point of a component of the complement of the copy of C in the considered segment of the second step) we erect a perpendicular straight line segment (of the third step) having length the same as the length of the contiguous interval at whose end point the segment of the third step is erected. Define S 3 as the union of S 2 and of all segments of th e third step. we se~ that Lo is a dendrite having discrete set of its ramification points (i.e., each point pE R(L 0 ) has a neighborhood U such that U n R(L 0 ) = {p}). Decompose L 0 into free arcs and singletons. Then the natutal projection for this decomposition is a monotone mapping from L 0 onto D 3 • The rest of the argumentation is the same as for the previous example. D 6.10. Remark. Note that unlike for R(X), the corresponding condition (35) for E(X) cannot be strengthened to one saying that E(X) is discrete. To each triod T; we assign a triod T1 c X in such a way that T1 is situated with respect to the other triods Tj in the same manner as T; is situated with respect to the triods 1j. Thus, if L' is defined as the minimal subcontinuum of X which contains the union U {T1: i E {1, 2, . .. }},then L' is a homeomorphic copy of L.
We proceed by induction. Talce the triod T 1 and note that the intersection E(L) r-, T 1 either is empty or it consists of 1, 2 or 3 points.
If E(L) n T 1 = 0, then L\ T 1 has three open components. Denote them by U{ for j E {1, 2, 3}. The sets f-If E(L) n T 1 is a singleton, then L\ T 1 has two components, say U~ and Vi. has three (open) components V~+h u;,+l> U~+t· The sets f-1 (cl U~+l) for j E { 1, 2, 3} are again pairwise disjoint subcontinua of X the boundary of each of which consists of only one point b~•+l · Then we define T~+t as the triod with b~+t as end points, and we see that For the other two cases, i.e., when E(L) n Tn+t consists of either one or two points, the argumentation is exactly the same as it was for T 1 • In any case we get a triod T~+t satisfying (44). So the induction is finished.
